Using an equation of motion (EOM) approach, we calculate excitonic properties of monolayer transition metal dichalcogenides (TMDs) perturbed by an external magnetic field. We compare our findings to the widely used Wannier model for excitons in two-dimensional materials and to recent experimental results. We find good agreement between the calculated excitonic transition energies and the experimental results. In addition, we find that the exciton energies calculated using the EOM approach are slightly lower than the ones calculated using the Wannier model. Finally, we also show that the effect of the dielectric environment on the magnetoexciton transition energy is minimal due to counteracting changes in the exciton energy and the exchange self-energy correction.
I. INTRODUCTION
The first use of an external magnetic field to study excitons and the electronic structure in thin film transition metal dichalcogenides (TMDs) was published in 1978.
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Since then, the study of magnetoexcitons has been an active field of research. With the recent emergence of monolayer TMDs, research in this area has undergone a rapid development, due in part to the interesting electronic and optical properties of monolayer TMDs, [2] [3] [4] including large exciton binding energies on the order of 0.5-1 eV. [5] [6] [7] Additionally, exciting magneto-optical phenomena of monolayer TMDs [8] [9] [10] have inspired novel applications, for which a detailed understanding of the effect of a magnetic field on the excitons is necessary. These phenomena include the valley Zeeman effect, a magnetic field assisted lifting of the degeneracy of the inequivalent K and K valleys. [11] [12] [13] This control of the degeneracy could prove useful in the area of valleytronics.
14 Another phenomenon lending itself to possible optical applications is Faraday rotation, 15 which has also been observed in monolayer TMDs perturbed by a magnetic field.
16,17
In addition to potential applications, perturbation by an external magnetic field provides experimental insight into the properties of excitons, such as their spatial extent 18, 19 and the effect of the dielectric environment.
20
Using strong magnetic fields of up to 65 T, the Zeeman valley effect and diamagnetic shift of the excitonic states have been measured for the four most common and WSe 2 . 20, 26 The analysis of such experimental results would benefit from a thorough theoretical study of the effect of an external magnetic field on excitons. But while there is a plethora of experimental results on magnetoexcitons, there have been less theoretical studies. The difficulties related to a theoretical description of magnetoexcitons in two-dimensional materials is, in part, due to the magnetic field breaking the translation symmetry. In one-dimensional systems, translation symmetry can be retained by choosing a suitable gauge for the magnetic vector potential, 27 but in two-and three-dimensional systems that option is not available.
The standard theoretical approach has been to use an effective mass model such as the Wannier model, 28 where the effective mass is calculated from the band structure of the unperturbed system. Using this approach, results regarding the binding energy of excitons, trions, and biexctions in monolayer TMDs perturbed by a magnetic field were recently published in Ref. 29 . But with no other theoretical models for magnetoexcitons in 2D materials, it can be difficult to validate the effective mass model. In addition, the effective mass model does not take into account the unique Landau level structure of monolayer TMDs, 8, 10 which affects the magneto-optical response. In this paper, we provide an alternative approach for describing magnetoexcitons, which does not depend on the effective mass approximation. The approach is an extension of the equation of motion (EOM) method in Ref. 7 to the case, where the TMDs are perturbed by an external magnetic field. This model has several advantages, which include: Accounting for the Landau level structure of TMDs, allowing coupling between distinct bands and valleys, and providing a more self-contained theoretical framework. The EOM approach can also be used to calculate the optical response and was previously used to include second-order effects in the electric field in Ref. 30 .
The present paper is structured as follows: In Sec. II, we introduce the single-particle Hamiltonian, which will serve as the outset for our study. In Sec. III, the EOM approach is briefly introduced. Sec. IV contains the definition of the electron-electron interaction Hamiltonian, as well as the derivation of the EOM for the excitonic problem. Sec. V serves to introduce the Wannier model, which we will use for comparison with the results obtained in the EOM approach. Finally, in Sec. VI our re- sults are presented and compared to recent experiments.
II. SINGLE-PARTICLE HAMILTONIAN
In this section, we present the system and the singleparticle Hamiltonian, which is the outset for our study of magnetoexcitons. The system is illustrated in Fig. 1 . A monolayer TMD material, possibly deposited on some dielectric substrate with relative dielectric constant κ a and capped by a dielectric with relative dielectric constant κ b , is perturbed by a uniform static magnetic field perpendicular to the TMD. Under absorption of an incident photon with energy ω an exciton is generated. The properties of the exciton, i.e. size and energy, are affected by the magnetic field.
To describe magnetoexcitons in monolayer TMDs, we need an accurate description of the single-particle properties of unperturbed TMDs. For that purpose, we apply the effective Hamiltonian from Ref. 3 . This effective Hamiltonian describes a massive Dirac system, and has been found to reproduce the band structure of monolayer TMDs in the low energy range around the direct band gaps in the K and K valleys, including the spin-orbit splitting of the bands. For a monolayer in the xy-plane the Hamiltonian is given bŷ
where v F is the Fermi velocity, τ = ±1 is the valley index (+1 for the K valley and −1 for the K valley), σ i are the Pauli matrices with i ∈ {x, y, z}, p x and p y are the canonical momentum operators, I is the 2 × 2 identity matrix, and ∆ τ,s and ξ τ,s are the valley-and spin-dependent mass and onsite energy, respectively. The mass and onsite energy are given by
where s = ±1 (+1 for the spin up and −1 for spin down),
soc and ∆ C soc are material dependent, and found by fitting to first principles band structure calculation.
2, 31 The material parameters used in this paper are provided in Table I . The single-particle energy bands are the eigenvalues ε τ,s ofĤ 0 , which are given by
Note that the eigenvalues only depend on the product τ s = ±1, and not on τ and s as individual parameters. The eigenvalues of MoS 2 are plotted as dashed lines in Fig. 2 . We observe that the energy dispersion shows spinorbit splitting of both valence and conduction bands and that the K and K valleys are inequivalent due to spin. The next step is the inclusion of a perpendicular magnetic field B. The magnetic field is introduced using the minimal coupling substitution p → p + eA, where p is the momentum operator, −e is the electron charge and A is the magnetic vector potential, related to the magnetic field by ∇ × A = B. Using the Landau gauge, A = Bxŷ, the effective perturbed Hamiltonian iŝ
The eigenvalues and eigenfunctions ofĤ B can be found by expressingĤ B in terms of creation and annihilation operators, 8, 32 and then expanding the eigenfunctions in a basis of harmonic oscillator eigenfunctions. We find that the eigenvalues and the normalized eigenfunctions are given by
Here, n ≥ (1 + τ λ)/2 is the integer Landau level (LL) index, λ = ± indicates the type of LLs (+ for conduction type LLs and − for valence type LLs), ω c = √ 2 v F /l B is the cyclotron energy, l B = /(eB) is the magnetic length, L y is the length of the system in the y direction, and the spinor wavefunction is Here,x = x + l 
where
The harmonic oscillator eigenstates are given by
where H n are the physicist's Hermite polynomials, which are defined by
Note that the energies E n,λ τ,s define a discrete set of LLs that have a degeneracy corresponding to the number of distinct k y values. The Landau level spectrum of MoS 2 is plotted (solid lines) in Fig. 2 . From Fig. 2 and the allowed values of n, we see that a LL with n = 0 is only allowed when τ = λ. This gives rise to a magneticfield-dependent increase of the band gap. Finally, the valley Zeeman splitting 12 is not included in the effective HamiltonianĤ B . It could have been by adding additional terms toĤ B , 33 but since the focus of the present paper is on the excitonic effects, it is ignored for simplicity.
A. Dipole matrix elements
In this section, the dipole matrix elements for the single-particle wavefunctions are calculated. In addition to being necessary for calculating the optical response, the dipole matrix elements provide information about the optical selection rules, which can be used to exclude some dark transitions from our excitonic calculations. This speeds up the numerical studies performed below by a significant factor. The interaction of the system with the incident light is included, within the dipole approximation, via the interaction Hamiltonian
Here, d = −er is the dipole moment operator and E(t) the time-dependent electric field of the light. By construction, transitions between different valleys and different spins are not allowed. We introduce some notation to simplify the expressions. Let α be shorthand for {n, λ, k y } and η for {τ, s}, then the dipole matrix elements are written as d
where Ψ n,λ τ,s,ky are the single-particle eigenstates ofĤ B . For the dipole matrix elements in the x direction, we find
The commutator is simply [Ĥ B , x] = −i v F τ σ x . A similar expression holds for the commutator with y. Consequently, the dipole matrix elements are found to be
Here, ∆E
The non-zero dipole matrix elements correspond to the bright interband transitions. Equation (13) shows that the allowed interband transitions from a LL with index n are to LLs with index n = n ± 1 and at the same k y points.
III. EQUATION OF MOTION APPROACH
The excitonic properties will be calculated using an EOM approach similar to that of Ref. 7, which is an extension of the method introduced to describe the magneto-optics of graphene in a cavity in Ref. 34 . The approach relies primarily on writing and solving Heisenberg's equation of motion, which is given by
HereĤ, is the full Hamiltonian includingĤ I , andρ is the density matrix for the states ofĤ B .
To compute the density matrix, we introduce the creation and annihilation operatorsĉ † α,η (t) andĉ α,η (t), which, respectively, create or annihilate an electron in state Ψ η α ≡ Ψ n,λ τ,s,ky (Recall, that α is short for {n, λ, k y } and η is short for {τ, s}). The creation and annihilation operators obey the usual anti-commutator relations. Using these operators, we can express the single-particle Hamiltonian and the light-matter interaction Hamiltonian asĤ
are elements of the density matrix in a basis of the eigenstates ofĤ B . Note that only a few of the terms in the sum over α give nonzero contributions toĤ I due to the optical selection rules from Sec. II.
Solving Heisenberg's EOM exactly as expressed in Eq. (14) is not possible. Consequently, we take the expectation value on both sides of Eq. (14) with respect to the equilibrium state, and get the following EOM for the expectation value
with p η α,α = ρ η α,α . Note that the diagonal elements α = α define a new electron distribution. The commutators ofĤ B andĤ I with the density matrix are calculated in Appendix A and can be used to calculate the single-particle optical response as in Ref. 35 . We now turn to the problem of including electron-electron interactions in the Hamiltonian and then find the excitonic states by solving Eq. (17).
IV. ELECTRON-ELECTRON INTERACTIONS
From this point on, we consider the full Hamiltonian given byĤ =Ĥ B +Ĥ I +Ĥ ee , where the electron-electron interaction Hamiltonian is defined bŷ
(18) Here, the integrals also cover spin, U (r) is the electronelectron interaction potential defined below, andψ(r) is the field operator, given bŷ
Here and in the following, we drop the explicit time dependence ofĉ α,η (t) andρ η α,α (t) to simplify notation. In a strict two-dimensional system, the electronelectron interaction U (r) is not the usual Coulomb potential, but instead given by the Keldysh potential. 36 In momentum space the Keldysh potential has the following simple form [36] [37] [38] 
where q = |q|, ε 0 is the vacuum permittivity, r 0 is a material dependent in-plane screening length, and κ = (κ a + κ b )/2 is the average of the relative dielectric constant of the substrate and the capping material. The in-plane screening lengths used in this paper are listed in Table II . Before calculating the commutator ofĤ ee with the density matrix and solving the Heisenberg EOM, we will rewriteĤ ee slightly. Assuming that the electron-electron coupling between different valleys is negligible, theĤ ee can be written aŝ
where two of the summations over spin cancel because of the spin integrals in Eq. (18), and the so-called Coulomb integrals are
An explicit expression for the structure factors is provided in Appendix B. Using Eq. (21), we calculate the commutator of the full Hamiltonian with the density matrix in Appendix A and find that the EOM in Eq. (17) can be written as
Here, E η α ≡ E τ,s n,λ and the expectation value of the fourbody operator inĤ ee has been truncated at the random phase approximation (RPA) level. 39 Comparing the EOM to what was found in Ref. 7 , we see that the general form of the equation is equivalent to the expression for a system with an arbitrary number of bands. In the following subsections, we keep only the terms of Eq. (24), which are of first order in the electric field and collect the terms corresponding to the exchange self-energy corrections and electron-hole interactions.
A. Exchange self-energy corrections
In this section, we briefly touch upon the exchange selfenergy corrections caused by the electron-electron interactions. The term exchange should be understood in the sense of the Hartree-Fock approximation, where there are two corrections to self-energy: The Hartree correction, which is canceled by the interaction with the positive background (see Appendix A), and the exchange correction.
Although exchange self-energy corrections are not the main focus of this work, it is still important to include them if we hope to accurately describe the transition energy of the excitons. This is because the self-energy correction has a strong impact on the value of the single particle gap. In Appendix A, the first order terms that result in a renormalization of the LLs are collected. It is found that the self-energy renormalized LLs,Ẽ η α , are given bỹ
Here, Σ η α is the exchange self-energy correction and f (E) is the Fermi-Dirac distribution. We calculate the exchange self-energy correction using the structure factors from Appendix B. Converting the sum over k y to an integral, the exchange self-energy can be written as
where the integrals are defined as
(27) Here, J η λn,λ n is the function defined in Eq. (B4). The integral in Eq. (27) is simplified by the fact that U (q) and |J η λn,λ n (q)| 2 only depend on q = |q|, meaning that the angular integral simply gives a factor of 2π. In the remainder of the paper, we assume that the system is undoped, i.e. the Fermi level is in the band gap, and that T = 0 K. This implies that the sum in Eq. (26) only runs over the valence type LLs, which simplifies the numerical calculations.
For graphene described in the Dirac approximation, the exchange self-energy correction has been found to diverge logarithmically when summing over an infinite number of valence LLs. 40 We have observed the same type of divergence numerically for the expression in Eq. (26) . Consequently, a cutoff N cut of the summation over LLs has to be introduced. In Ref. 41 , (see also Ref. 42 ) the cutoff was calculated for graphene by equating the concentration of electrons in N cut LLs to that in the filled valence band. The same approach can be used for TMDs and we find a cutoff equal to
with Ω 0 = √ 3a 2 /2 the area of the primitive unit cell of the TMD. Taking a = 3.2Å for all four TMDs, 43 we get a cutoff equal to N cut ≈ 2.33 × 10 4 /B T.
B. Excitonic effects
Finally, using the exchange self-energy corrected LLs, we proceed to calculating the excitonic effects of TMDs perturbed by an external magnetic field. As shown in Appendix A, the excitonic states can be found by solving the first-order equation
where ∆f (30), i.e. where α and α correspond to valence and conduction states, respectively. Thus, we assume that to be the case. Additionally, the sum over α 1 and α 2 can be split into two contributions: One where α 1 and α 2 are valence and conduction states, respectively, and one where the converse holds. We denote these cases the resonant contribution and the non-resonant contribution, respectively. In the following, we keep only the resonant contribution. It has been shown in Ref. 7 that this is a valid approximation.
To clearly distinguish the valence and conduction states, we write α v and α c for α 1 and α 2 in Eq. (30) 
Here, we write the approximate sign to indicate the approximations discussed above, and, we denote p is calculated using the structure factors and is found to be
where the integral over q x must be performed numerically. This finally implies a homogeneous first-order equation given by Equation (33) corresponds to the Bethe-Salpeter equation for electron-hole pairs, 44 and it can be written as an eigenvalue problem with eigenvalues E by discretizing the integral over q y . The size of the eigenvalue problem scales as N k N c N v , where N k is the number of points used to discretize the integral, and where N c and N v are the number of conduction and valence LLs, respectively. It is clear that only if the electron-hole kernel decays sufficiently fast with increasing n c and n v can we hope to solve Eq. (33), since that would imply that the sums over n c and n v can be truncated. Fortunately, the kernel does decay quite fast in n c and n v , as illustrated for n c in Fig. 3 . In the next section, we turn our attention to an alternative (and non-microscopic) description of the excitonic properties of TMDs.
V. WANNIER MODEL
In this section, we briefly introduce the Wannier model 28 for excitons. The Wannier model is based on the effective mass approximation for a single pair of valence and conduction bands. For a two-dimensional semiconductor in a perpendicular magnetic field (using the symmetric gauge for the magnetic vector potential), the operator describing zero angular momentum excitons, i.e. s-type states, is
Here, µ is the reduced effective mass, ∇ 2 is the 2D Laplace operator, r is the relative electron-hole distance, and U (r) is the electron-hole interaction potential given as the real space representation of Eq. (20) . Taking the inverse Fourier transform of Eq. (20), we find
with r = |r|, H 0 the Struve function and Y 0 a Bessel function of the second kind. For a direct comparison of the Wannier model with the solutions to Eq. (33), we want to use the same parameters in both models. Thus, we calculate the effective mass from the eigenvalues of the unperturbed single-particle operatorĤ 0 . Expanding the eigenvalues in Eq. (3) around |k| = 0, we find that the effective mass of an electron or hole in the τ valley and with spin s is
The effective masses of electrons and holes are equal due to the symmetric conduction and valence bands. The reduced effective mass is then µ τ,s = m * τ,s /2, for which the values for the four common TMDs are given in Table II. The s-type excitons, corresponding to bright excitons, 46 can be found by solving the eigenvalue problemĤ ex ψ(r) = E exc ψ(r), where E exc is the exciton energy. We solve it by expanding ψ(r) in a basis of Bessel functions, more specifically the basis φ i (r) = J 0 (λ i r/R), where λ i is the i'th zero of the Bessel J 0 function and r ≤ R. This basis corresponds to introducing an infinite barrier at r = R, but this should not affect the results as long as R is sufficiently large. The same basis was recently used to describe the Stark shift of excitons in monolayer TMDs.
46,47

VI. RESULTS
In this section, our results are presented and discussed. In addition, we devote some attention to the computational approaches applied. All results were obtained using the parameters in Tabs. I and II. Evaluating the integrals in the exchange self-energy correction, i.e. Eq. (27) , is done using an adaptive quadrature and a numerical high precision library. 48 This approach, although computationally expensive, is found to provide accurate results for the rapidly oscillating integrands that occur when n and n are large. In contrast, since the sum in Eq. (33) can be truncated at reasonably low values of n c and n v , as illustrated by Fig. 3 , the integral in the electron-hole kernel can be evaluated using the Gauss-Hermite quadrature. For the calculation of excitonic energies using the Wannier model, we use 400 basis functions and fix R at R = 20 nm. The kinetic and magnetic matrix elements can be calculated analytically in this basis, while the potential matrix elements are computed numerically using a Gauss-Legendre quadrature.
First, we consider the exchange corrections. We denote the exchange self-energy corrected and the uncor-rected band gaps asẼ Fig. 4 as a function of magnetic field for τ s = +1 , i.e. spin up at the K valley or spin down at the K valley. The results show that the self-energy correction gives rise to an opening of the band gap on the order of 0.8 to 1.0 eV. Similar values hold for the τ s = −1 gaps. We find smaller exchange self-energy corrections than those of Ref. 7 for the case of unperturbed monolayer TMDs. The explanation for this discrepancy is twofold: Firstly, we use a different parameter set. Secondly, the cutoffs that are used are different. But, as will be shown later, our approach results in exciton transition energies that match experiments quite well.
Considering the magnetic field dependence of the band gaps, we see that the uncorrected band gaps calculated using the LL energies in Eq. (5) vary linearly with magnetic field for the field range in Fig. 4 . We also find a linear magnetic field dependence of the exchange self-energy correction to the band gap with slopes of 5.57 µeV/T for 
Here, the last approximation holds for a cutoff of the type N cut = K/B, with K some constant, and for small B. The inset in Fig. 5 shows I η −0,−n − I η +1,−n on a log-log scale for MoS 2 , with B = 100 T and τ s = +1. Fitting with a linear function, we find a power of q = −1.33 ± 0.03 covering the range from 20 T to 100 T . Thus, an approximately linear behavior of the exchange self-energy correction is expected.
In photoluminescence and spectroscopy experiments, it is typically the exciton transition energy and not the exchange self-energy corrected band gap that is measured. But demonstrating that the exchange self-energy correction is approximately linearly in the magnetic field is important if the diamagnetic shift of the exciton transition energy is used to estimate the exciton size, as was done in Refs. 18, 20, and 22. Any finite quadratic dependence of the exchange self-energy correction would result in errors in the estimates of the exciton sizes. Although the results presented here do not exclude finite quadratic terms in the exchange self-energy correction, they appear to be small enough that any error in the estimation of the exciton size should be negligible. Turning our attention to the exciton states, we note that it is difficult to separate the bright and dark exciton states calculated in the EOM approach, since Eq. (33) mixes dark and bright transitions. This difficulty might be resolved by writing the magnetic vector potential in the symmetric gauge inĤ B and repeating the derivations in Sec. IV, but this study is left for future work. At the present time, we will instead focus on the ground state excitons. We follow convention and denote the spin up and down ground state excitons at the K valley as A and B, respectively. Similarly, we have A and B ground state excitons in the K valley. In the absence of valley Zeeman splitting, the A and A excitons are energetically degenerate and the same holds for the B and B excitons. Consequently, in the following, only the A and B excitons are considered. In Fig. 6 , the squared eigenvector of the A exciton in MoS 2 is plotted for k y = 0. The plot shows that the significant transitions between LLs are where n v couples to n c = n v +1, which coincides exactly the bright transitions according to Sec. II A. We also find that the same holds for the B exciton. Consequently, the exciton ground states must be bright. When solving Eq. (33), discretizing the integral over q y using a Gauss-Hermite quadrature with N k = 300 nodes has been found to result in good convergence. If we then include the first 15 valence and conduction LLs in the summation in Eq. (33), the resulting matrix has size 67500 × 67500 and is at the limit of what we can handle numerically. But for these values the exciton transition energy has not yet converged, as illustrated for the A exciton in MoS 2 by the black line in Fig. 5 . Alternatively, we can utilize that only a few transitions are significant in the exciton ground state, as was demonstrated in Fig. 6 . In fact, calculating the norm of the eigenvector where only transitions of the type n v to n c ∈ [n v − 1, n v + 3], have been included, we find that the squared overlap is only 2% less than unity. Including only these significant transitions allows us to include more valence LLs and, as illustrated by the red line in Fig. 5 , obtain a better convergence. The cost is a small error on the order of a few meV. The numerical difficulties associated with including a high number of LLs in the excitonic calculations result in a restriction on the magnetic field strength used hence, as the magnetic field strength decreases, more LLs need to be included in the calculations to secure sufficiently converged results. Eventually, the current computational restrictions limit us to magnetic fields above 100 T.
Turning to the exciton transition energies, we begin by expressing the transition energies E τ in terms of the different magnetic field-dependent terms. At low magnetic fields, we can write 19 ,22
with τ the valley index, E 0 the zero-field exciton transition energy, µ g B the field dependent change in band gap, τ µ Z B the valley Zeeman shift, and finally σ dia B 2 the diamagnetic shift. Since the valley Zeeman shift is not included in our single-particle Hamiltonian, the transition energies found by solving Eq. (33) are of the form
To allow for comparisons between the theoretical and the experimentally measured exciton transitions energies, we average the experimentally measured exciton transition energies from the K and K valleys to remove the valley Zeeman splitting, i.e. use E = (E +1 + E −1 )/2.
The exciton transition energies of the A and B excitons are presented in Table III . In columns three and four, we show the theoretical transition energies, which were calculated by solving Eq. (33) . Columns five and six, contain the experimental exciton transition energies when there is no external magnetic field. In columns seven and eight, we show the experimental exciton transition energies at approximately 65 T. Comparing the zero-field transition energies with the experimental transition energies in columns seven and eight, we see that the exciton transition energies exhibit a minimal dependence on the magnetic field. In fact, experiments predict that the quadratic diamagnetic shift is on the order of only a few meV 18,22 for a magnetic field of 100 T. Consequently, we can compare the calculated transition energies to the measured transition energies in a system with no magnetic field. Table III problem with the material parameters used and not the method, as the results agree well for the three other types of materials.
In the final four columns of Table III , the exciton energies calculated using the EOM approach and the Wannier model are presented. For the EOM method, the exciton energies are found from E exc = E −Ẽ g , where E is the exciton transition energy found by solving Eq. (33) andẼ g is the exchange self-energy corrected band gap.
Comparing the results, we see that all the exciton energies calculated using the EOM approach are below the Wannier results. That is to be expected since the EOM approach relies on less strict approximations. The differences between the calculated energies are quite small and vary from a few meV to 50 meV. Thus, if errors in this range are acceptable, the Wannier model provides a useful model for excitons in monolayer TMDs.
Finally, we also consider the effect of changing the dielectric environment of the TMDs, i.e. varying the screening parameter κ in the potentials in Eqs. (20) and (35) . The effect is illustrated in Fig. 7 for MoS 2 in a magnetic field of 100 T. The figure shows that the exchange self-energy corrected band gap decreases while the exciton energy increases as a function of κ. These two counteracting effects result in exciton transition energies, which only exhibit minimal dependence on the dielectric environment, as illustrated by the blue line and green squares in Fig. 7 . This effect has previously been demonstrated in TMDs with no external magnetic field, 49 but Fig. 7 illustrates that it still holds for systems in the presence of a perpendicular magnetic field. This phenomenon further underlines the importance of including the exchange self-energy corrections in a self-contained model. We find that similar results hold for the other TMDs.
Comparing the EOM method and the Wannier model, we see that both have advantages and disadvantages. The EOM method provides a self-contained framework, including the unique LL structure and a higher accuracy of the exciton energies. The disadvantage is that the numerical computations are demanding and, as a consequence, small magnetic fields cannot be considered. For the Wannier method, the numerical calculations are relatively simple and arbitrary magnetic field strengths can be considered. The disadvantages are that for some systems the accuracy is lower than the EOM method and that only the excitonic properties are described. The Wannier model provides no information about the unique LL structure or the field-dependent change of the band gap. Consequently, the choice between the EOM method and the Wannier method depends on the application, and which aspects are deemed important.
VII. SUMMARY
In summary, starting from a Dirac-type Hamiltonian describing the band structure of monolayer TMDs around the K and K points, we have introduced an external magnetic field and then included electron-electron interactions to account for the exchange self-energy corrections and excitons. In this setup, we used the EOM approach to find the ground state exciton transition energies. Our results were compared to the popular Wannier model for excitons and recent experimental results.
When comparing with the Wannier model, we found that the ground state exciton energies match quite well. Consequently, the EOM method validates the Wannier model in this case. The exciton energies only exhibit a small dependence on the magnetic field (up to a few meV for realistic field strengths), but the optical properties are expected to change significantly. Thus, we will focus on the optical properties of magnetoexcitons in future projects. We also expect to see more pronounced differences between the optical response calculated using the EOM approach and the Wannier model.
Comparing the calculated transition energies with the experimental values, we also found a very good agreement. This shows that the exchange self-energy correction is central if accurate theoretical calculations of the exciton transition energies are needed. Finally, we considered the effect of the dielectric environment on the exciton transition energy. We found that increasing the dielectric constant of the environment causes a decrease in the corrected band gap and an increase in the exciton energy. These two counteracting effects cause a minimal dependence of the exciton transition energies on the dielectric environment. This holds for both the EOM method results and transition energies calculated from the Wannier model results.
Eqs. (A3) and (A5) are found by straightforward calculation, we apply the random phase approximation (RPA) 39 to find 
where f (E) is the Fermi-Dirac distribution. Consequently, the first order equation is 
where ∆f 
where Σ η α is the exchange self-energy correction given by
The remaining terms in Eq. (A14) correspond to density terms and will be disregarded in this work. Thus, the first order EOM for the expectation value of the density matrix reads 
where the notation isx = x + l 2 B k y ,x = x + l 2 B k y , n τ,− = n − (τ + 1)/2 and n τ,+ = n + (τ − 1)/2. For each term of Eq. (B1), we calculate an integral of the type dx e iqxx φ n (x)φ n (x ) = exp − l
where n > = max{n, n }, n < = min{n, n } and L 
The expression for the structure factors in Eq. (B3) is used to calculate both the excitonic properties and the exchange self-energy corrections.
